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1. Introduction

The mathematical modeling of some real processes leads to the investigation
of boundary value problems for nonlinear differential equations. The wide
application of boundary value problems in fluid mechanics, mathematical physics,
and other scientific fields has made the study of these problems an important
branch of science. It is possible to detail [2,5,19,20] applications in this context.

Classical boundary conditions do not take into account some important
characteristics of certain processes. This leads to the emergence of nonlocal
boundary conditions. Nonlocal conditions establish a relationship between the
boundary values of the sought solution and the interior points of the domain.

Boundary value problems for first order differential equations have been
studied in [3,12-15,21]. Boundary value problems for second order differential
equations have been studied in [1,4,6-9,11,16,17, 18, 22, 23].

2. The formulation of the problem and preliminary results.

In this article, we will investigate the existence and uniqueness of the
solution for a second order nonlinear differential equation with nonlocal conditions
as follows.

Let us assume that t € [0,T]

() = (& x()
Ax"(0) + Bx'(T) =0 1)
x(0)=C
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a system of differential equations is given. Here, f:[0,T] x R® = R™ is a given
continuous function, and 4,E € R™*" ¢ € R™*1 are constant matrices.
Lemma. Let usassume that f € C([0,T] x R™,R™) and det(A + B) = 0
Then, the solution of the problem (1) is
x(t) =C—(A+B) B[, y()dtt + [, (t —Df (r, x(dr  (2)
Proof. () = f(t,x(£)) let us integrate the equality from0 tot.Asa
result,

x(6) = x'(0) + [ f(z,x(0))dx 3)
we obtain , where x'(0) isanunknown n dimensional constant vector.
Ax(0)+Bx(T) =0
using the condition, we can determine the vector x'(0) . It is clear that

Ax'(0) + B(x'(0) + [ f(t,x(£))db) = 0

From here,
x(0) = —(A+B)1B[, f(t,x(0)) dt. @)
Now, by considering the equality (5) in (4), then
X () =—(A+B) B[, f(t.x(0) dt+ [} fr, x(D)dr (5)

The final equation let’s integrate equation (5) again from 0 to t
x(®) = x(0) — (A+ B) 1B [, f(t,x(8)) dtt + [5(t — Df (x,x(1))dz
We will obtain the equation. If we consider the condition x(0) = ¢, we obtain

equation (2). The lemma is proved.
Let’s introduce the F: ™ — R™ operator as follows. Here
(P)(®) =C—(A+B) B[, f(tx(D))dtt + [t —Df(tx(D))dr  (6)
If we consider the lemma we proved above, problem (1)
x=Px @)
is equivalent to the operator equation.
As it can be seen, the fixed point of operator (6) is a solution to the
operator equation (7) or problem (1).

3. The existence of the solution.

In this section, we will find a sufficient condition for the existence of a
solution to problem (1). For this, we will use Krasnoselskii’s fixed point theorem.
Theorem 1. (Krasnoselskii’s fixed point theorem) [10]. Let ¥ be a closed
bounded, convex, and nonempty subset of a Banach space X. Let P;,P, be the
operators mapping ¥ into X such that
() Pyyy + Pyy; €Y whenever yy,y; € F;
(if) Py is compact and continuous ;
(iii) P, is a contraction mapping.
Then there exists ¥ € ¥ such that v = Pyv + Pov,
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Theorem 2. Let us assume that f:[0,T]x R™ — R™ the function is
continuous and satisfies the following conditions:
(A1) |f(t,x)— Flt, v =llx—vy|, ¥wte][0,Tl], I =0 xve&ER™
(A2) There exists a function llull € ([0, T],RY) such
that |l = masqez|p(e)],
|FCE 01 = llpll, w(t, x, x") € [0, T] x R™
If
IST <1 (8)
holds, then there exists at least one solution to the boundary problem (1) on the
interval [0, T1.
Proof. B, = {x € P: ||x|]| =7} let’s consider the closed sphere. Here,
r = ||lull@ + el )
Q=-T2+ST (9)
Let’s define the operators P; and P, defined on the sphere E,.

(P = [3(t — ) F(s,x(s))ds,

(P,)(1) = € — (A +B) B[, ftx())dtt,
Forany x,v € B,

£ T
IPyx + Poyll = [C + j (t—s)f(sx(s))ds— (A +B)!B L f(t(®))dee
o

T? T2
5+ ||(A+B}‘1B||T] =|C|+ |l (?+5Tj

=[Cl+ulQ =
Since Pyx+ P;v € B, holds, the condition (i) of Krasnoselskii’s theorem is
satisfied. Using the condition (A1)

|P2x — Payll=

= [Cl+[lull

T
T
= f (4 +B)Bf(s,x(s))ds — L ~(A+B)7'Bf(s,y(s))ds
o

T

- L S 1F(s, x(s) — F(s,y(s)lds < STl —

Since condition (8) is satisfied, it follows that the P, operator is compact.

Now, let us show that the P; operator is completely continuous, meaning it is
compact and continuous. Note that the continuity of the function F implies that
the P; operator is continuous. It is also clear that the P, operator is uniformly
bounded on E,. and

rs

T
1Pyl < lall =
Let us assume that max|f(t,x)| = f and 0 <t; <t, <T Then

160



PROCEEDINGS OF 1AM, V.14, N.1, 2025

33

|(Pyx)(t,) — (Pyx)(ty)] = j (£, — S}f{sj x(s}:}ds - j (& — S}f'[SJ X(S}}tiﬁ'
o

V]

= J‘ {(tg —5)—(t; — s}}f{s, x(s}}ds + j (t;— s}f{s,xfs}}ds
D

£y
_ (o )2
5f|(t2_ t1 )ty +¥| =0

ty =ty

The last relation is independent of x € E,. Thus, all conditions of
Krasnoselskii's theorem are satisfied.

Therefore, there exists at least one solution to the nonlocal boundary
problem (1).

4. The uniqueness of the solution.

In this section, we will find sufficient conditions that ensure the uniqueness
of the solution to the nonlocal boundary problem (1) with the help of Banach's
fixed-point principle [10].

Theorem 3. Let us assume that f:[0,T]x R™ = R™ is a continuous
function and the condition (A1) is satisfied. If

10 <1
holds, The boundary problem (1) has a unique solution on the interval [0, T] , here,
@ is defined by the expression (9). “
Cl+M0Q

Proof. maxpr |f(t,0)] =M letus note. = = let us note and
show that PB,.c B, here B.={x € P: ||x|| =r }. Anyx € B, and t € [0,T]
|7(£x®)] = |F(t.2®) - £ €0 +£(1,0)] =
= |f(t, x(®) — F(&,0)| + flt,0) = llx|| + M = Ir + M
the inequality is true. Then for x € B,

[(Px)|| = max|C +j —(A+ BE) 15‘)“{5 x(s}}dt+ j(t—s}f{s x(s}}ds

T

-
&

T
= |C|+ (Ir + M)max |(A+B}‘1B|ds+? = |ICl+(r+MQ =7

Here, @ is defined by the expression (10). This relation shows that PE,. < B,
Now, let us show that the operator F is a contraction. Any for x, v € P

I(Px) — (Py)Il =
T
= max |—(A + B}‘iﬁ‘j Flt, x(0))dtt + f{r —5)f (5,x(s))ds
e o
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T t
+ j(ﬂ +B) '1Bf{sj}-‘(s}}ds— j(t — s}f{sj }ffs}}ds
] . )
= male(.»-’l + B)1g| |f'[ij{s}} - f{sj}-'{s}ﬂds
]

+maxj|t—5| . |f'[5,x(3:.'l} —f{s,y(s}ﬂds
D

T T
= SEJ; |x(s) — y(s)|ds +1 J; (t —s)|x(s) —vy(s)|ds

TE
= (SET+ i?)”x_ vl = Qlllx — ¥l

It follows from condition @I < 1 that the operator P is a contraction.
Thus, all the conditions of Banach's fixed-point theorem are satisfied, and as a
result, it follows that the nonlocal boundary problem (1) has a unique solution on
the interval [0, T].

Now, investigate the continuous dependence of the solution of problem (1)
on the right-hand side of the boundary condition.

Theorem 4. Assume that condition (A1) holds and IQ = 1. Then, for any
C;,C5 € B™ and the corresponding

x () = ft, x:(0))
Ax; (0) + Bx,(T) =0 (10)
xz(ﬂ} = CE'J i= 112_.
for the solutions x () and x,(t) of the border issue
ll2cq (£) — 22 (8D = (1 —1Q) 71 ICy — 4
is correct.
Proof. Assume that €y, C, € R™ is arbitrary points, x, () and x,(t) are
solutions to the corresponding boundary problem. Then
x1(8) — x,(t) = C; — ":% .
~(A+B)71B [y f(&x1(0)det + [t — Df(z.x1(0))dr
+(4+B) 1B £t x2(0))at — [j (¢t — D f(z,x2(D)dr (11)
From this equality

.
s

T
|, () — x,(8)| = |Cy — Co| + TSI|xg — x|+ I? llxq + x5l
=|Cy — Cal + Qlllxy — 221
from here,
IIC: — Call
1-0Ql

Iy — x5l =
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The theorem is proved.

5. Conclusion.

In the paper, a boundary value problem with a nonlocal condition
involving a small point has been studied. By imposing certain conditions on
the initial data and applying Krasnoselskii’s fixed point theorem, sufficient
conditions for the existence of at least one solution to the boundary value
problem have been established. Using Banach’s contraction mapping
principle, the existence of a unique solution to the considered boundary
value problem has been proven.

The scheme used in the paper can be applied to more general
boundary value problems. For example, consider the following nonlocal
boundary value problem.

x'(t) = f(t,x(®), x' (1)), t €0,T]
AxX(0)+Bx(T) =C,
Az.X'[:O) + BEX(T) = Cz
Here, A, B, ER™", C,€R" (i =1,2), f:[0,T] X R®"x R™ — R" isa
continuous function.
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